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Foreword

This is part II of the final technical report for Contract No. N62269-

76-C-0378, which is sponsored by the Naval Air Development Center, Warminster,

Pa. The work was performed during the period of July 1, 1976 through
December 30, 1977, Mr. Lee W. Gause was the contract monitor.

The contracted study is under the title "Certification of Composite
Aircraft Structures under Impact, Fatigue and Environmental Conditions";
parts I and II of the study are under the supervision of Dr. P.C. Chou,
while part III is under Dr. A.S.D. Wang, both of Drexel University.

This report concerns part II of the contract, the scale effect in
fatigue of composite materials. It is a self-contained report including

definitions of all nomenclature used, and its own introduction and conclu-
sions.

The authors would like to thank Dr. Edward J. McQuillen, Dr. James L.
Huang and Mr. Lee W. Gause for the frequent technical discussions. The

authors would also like to thank Mr, James Alper and Mr. Dinh Nguyen who
helped conducting the experiments.
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B Introduction

It is known that the endurance limit (fatigue limit) of a material under
fatigue loading decreases as the size of the specimen increases [l1]. A large
amount of test data for metals are available, and many theories have been
offered, but none of the theories are satisfactory. For instance, in [2] it
was found that for an Al-Cu alloy the fatigue limit of a large sheet (230 mm
width) 1is only 50% of that of a small sheet (19 mm width). In contrast, the
fatigue limit for correspondingvmild steel specimens showed that the large
sheet has 85% the fatigue limit of the small sheet. Among factors mentioned
that may contribute to the scale effect include maximum stress gradient, heat-
ing of large specimen, surface stress, etc. No statistical theory was mentioned.

Recently, the detrimental effect of size in composite material has been
recognized and attempts by the statistical approach have been proposed. For
instance, in Ref. [3] and [4] the ratio of strength of two specimens was
assumed equal to the ratio of their volumes under stress. This, in essence,
is considering that all defects or micro-flaws are arranged in series, and
the weakest link breaks the chain.

The concept of in-series and in-parallel arrangement in statistical
studies is not new. In classical reliability analysis the series-parallel
arrangements are often used for engineering systems, see for instance Shooman
[5]. These arrangements have also been asgumed, sometimes implicitly, in
studying the strength of structures and materials, see [6]. It seems that
they have not been used to study the scale effect of fatigue life.

The goal of the present study is to obtain basic understanding of scale
effect in the fatigue life of composite material structures. This basic

understanding may be used to develop scaling laws such that the service life

s e,
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of a full size structure may be predicted from tests of small size models
or specimens. ;

The full size structure is considered as consisting of n "elements".
These elements may be statistically in-series, or in-parallel, or a combina-
tion of these two. If the whole structure fails when any one of the elements
fails, then these elements are considered to be in-series. This is also
known as the weakest-link theory. On the other hand, if after one element
fails, the rest of the elements can still carry the total load, the elements
are considered in-parallel; this is equivalent to a bundle of loose filaments,
and amenable to the bundle theory analysis.

If the strength, or fatigue life, of the element has a small statistical
scatter, or large Weibull shape parameter, then the mean strength or life
of the n-element structure is not too much different from that of the element.
This is true for both in-series and in-parallel arrangements. However, if
the scatter is large, which is the case for fatigue life of composites, the
n-element structure has much shorter life than the element.

To substantiate this in-series/in-parallel model in relation to fatigue
of composites, we have selected as the basic element a composite specimen
with a single drilled hole, (Fig. 1). By arranging a number of holes in
different arrays, we may accomplish in-series and in-parallel models. The
present paper reports the results of the basic element and the three elements
in-series cases, as shown in Fig. 1. This drilled-hole element was selected
because it represents the rivet or bolt holes in actual structures, and it

can be arranged in simple in-series/in-parallel models. Fatigue properties

of riveted and bolted joints in composite panels are reported in [7] and [8].
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The spi.imens were loaded in static compression and constant amplitude
compression fatigue. The compression loading is used because it is known
that graphite/epoxy composites have a shorter compression fatigue life as
compared to tension fatigue, see Refs. [9] and [10]. The fatigue tests were

at a constant amplitude of g 0, o = -2800 1bf (-12.50 kN) (R = -=),

min
This maximum compression stress is approximately 74% of the mean static strength.
Relevant properties and dimensions of the specimens are shown in Fig. 1.

The in-parallel model of scale effect is in the developement stage.

f Pertinent material concerning this model and its verificatior is contained

in Appendix A.
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II. Equations for the In-Series Model

In the traditional weakest link concept in material strength, the basic

"1ink" is a flaw in the material, see for instance Ref. [11l]. The present

f
{

Ai
|

in-series model is of the same principle as the weakest link, except we use

a structural "element" as a link. This element can be of a size in the same

order of magnitude of the total structure. It is well-known that the weakest
link concept can be described in mathematical statistics by the extreme value
theory, see for instance, Ref. [12] and [13]. We shall summarize the results
for elements of Weibull distribution.

Consider a basic element of Weibull distribution, with a density function

ct(x-xo)m-1 x—xoa |
f(x)a—-—;E———exp-(B) (1)
and a cumulative distribution function (CDF)
X=X iy
Fx(x) =P(X<x)=1- exp -(_—B—) (2)

where x = strength or life, X9 = position parameter, o = shape parameter, and
R = scale parameter. Then the CDF of an n-element in-series specimen can be
shown to be

Fp () = P(X <x) =1-[1-PBX<xn]" (3)
n

The density function, fn(x), of the n-element specimen is then

a-1 Q
) a(x—xo) S [‘( x-x0> ] o
£ ¢x --—-——jr—-——- JORRE. )
= (Blnl - B/nl/a

Comparing Eq. (4) with Eq. (1), we conclude that the shape parameter a«, and

position parameter Xy of the n-element in-series model are identical to those

~ of the basic element; the scale parameter B is reduced from that of the basic !

(1/a).

element by a factor n

T - ~--uu-ﬁ-niilIilii;iii-Hin-iihn--lHI-i.".'.""'“"'i=====ll.'ill
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The mean strength or life is given by
a + 1
u-BI‘(u)-!-xo (5)
If the position parameter is equal to zero then the mean of the n-element
in-series, L is related to the basic element mean, u by
Ya (11/0'

o (6)

The decrease of the mean is a function of the shape parameter, as well as
the number of elements, n. For a value of a = 2, the strength or life de-
creases a great deal; for n = 100, the strength of the in-series combination
is only 10Z of the basic element. For a large value of &, however, the
decrease in strength is npf too much. For instance, for n = 100 and @ = 30,
u, 1is 86%Z of u. Eq. (6) is plotted in Fig. 2.

Since for composite materials the shape parameter for static strength
is between 10 to 30, and for fatigue life it is between 1 to 3, it can be
seen that the size eff.:ct is more serious in fatigue life than in static
strength, if the elements are in-series. In other words, a long coupon has
almogt the same static strength as a short element, but has only a small

fraction of the fatigue life of the element.
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III. Static and Fatigue Experiments

To verify the in-series model a number of static and fatigue tests were
performed using both the basic element and the in-series specimen.
A. Specimens All specimens used for this study were cut from a Hercules
AS/3501-6 graphite/epoxy composite plate prepared at the Naval Air Development
Center, Warminster, Pa. The plate consisted of 12 layers following a layup
of [+ 45/02/-7- 451 . The overall measurements of the plate were 24 by 34
inches (610 by 860 mm) with an average thickness of 0.072 inch (1.83 mm).
End tabs were cut from plates prepared of 3M Scotchply 1003 fiberglass/epoxy
with a layup of [02 /90,’02/90/02/90/02]. The thickness of the plates were
0.080 inch (2.03 mm).

The basic element was a 1 x 6 inch (25.4x152.4 mm) strip with a central
1/4 inch (6.4 mm) hole. The in-series specimen had the same overall dimensions,
but with three 1/4 inch (6.4 mm) holes. End tabs of length 1 1/2 inch i
(38.1 mm) were applied to the ends of I;oth sides of each specimen, (See
cutting procedure for method of application). The dimensions for the basic
element and the in-series specimen are given in Fig. 1. The portion between
the end tabs was considered as the test section.

The plate was cut into test specimens by means of a 5 13/16 inch
(147.6 mm) diameter diamond saw blade mounted on a Sundstrand Rigidmil.
The blade was run at 715 rpm with a table feed rate of 1 inch (25.4 mm) per
minute. The first step in the cutting procedure consisted of cutting the
plate into 6 1/2 x 10 inch (165.1x254.0 mm) sections such that the 0°
fibers were parallel to the shorter edge. Next 1 1/2 x 10 inch (38.1x254.0 mm)
end tab strips of 0.080 inch (2.03 mm) thickness were bonded to both sides

of the sections, 1/4 inch (6.4 mm) from each of the 10 inch (254.0 mm) edges.
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The bonding agent used was Ecobond 51 combined with Catalyst #9, both
manufactured by Emerson and Cuming Inc. These sections were then squared
off and cut down to 6 x 10 inch (152.4x254.0 mm) by taking off 1/4 inch
(6.4 mm) along each of the 10 inch (254.0 mm) edges. Next the sections
were cut into 6 x 1 inch (152.4x25.4 mm) strips. Each section yielded 9
of these strips.

Specimen holes were drilled with straight fluted solid carbide drill
bits manufactured by Cleveland Twist Drill Co. First a pilot hole was
made in the specimen with a 1/8 inch (3.2 mm) bit. This was enlarged with a
1/4 inch (6.4 mm) bit. The bits show no noticeable wear after drilling
in excess of 200 holes.

After cutting and drilling the completed specimens were stored at

room temperature and humidity until testing.

B. Testing Apparatus All testing was performed on an Instron Model 1230
Dynamic Test Machine equipped with a Model 836 remote control panel, a Model
602 load and stroke controller panel, and a Model 860A function generator.
This testing machine has the capacity of + 10,000 1bf (+ 40 kN) load which
can be applied in the form of a sine input, triangular input, square input,
or ramp input. The maximum reliable frequency for operating this machine

is 30 Hz, The Instron Wedge Action Gripping Jaws were used in conjunction
with our own gripping and anti-buckling guide system (to be described later).
For static tests a.Hewlett Packard Model 7045A X-Y Recorder was used.

Additional equipment included a Tektronix 7623A Storage Oscilloscope and a

Keithley Instruments 160 Digital Multimeter.
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A method for griﬁping the specimen and for preventing buckling during
loading was designed, and a sectioned assembly of this apparatus is shown in
Fig. 3. As can be seen the bottom and top grips are held in place by the
Instron Jaws. The gaps between the Jaws and the grips are filled with sh;m
stock. The top grip is stationary and the two vertical runners are bolted
to it. The bottom grip is free to ride up and down in these runners. The
applied load is transmitted by the actuator arm of the Instron through the
bottom Instron Jaw to the bottom 8rip. The frictional force between the
bottom grip and the vertical runners was found to be negligible (less than
10 1B€ or 44 N). The anti-buckling guide also fits in the runmers and is free
to move up and down. The runners insure correct alignment of the top and
bottom grips and the anti-buckling guide. Hence the test specimen will have
no initial crookedness. The clearance between the anti-buckling guide faces
and the specimen surfaces of course varies from specimen to specimen but
on the average is 0.003 inch, (0.08 mm). The section view shows that the
specimen's ends are in contact with the grip floors. This insures that the
load is applied on the ends of and along the axis of the test specimen.

The figure also indicates that the rear gripping plates are held in place
by 1/4 20 Allen screws inserted through the front grips. The rear anti-
buckling guide plate is held to the front anti-buckling guide by four screws.

Detail drawings of the grips and anti-buckling guide are presented in
Appendix B.

C. Testing Procedures All tests were run at room temperature with ambient
humidity. In order to reduce friction between the specimen and the anti-
buckling guide, a thin coating of Molykote 44 grease, a heat stable silicone

lubricant, was applied to the contact surfaces of the guides.

10
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For static tests the specimen was secured in the grips and the back
of the anti-buckling guide was screwed in position. A compressive load
of 10 1bf (40 N) was applied to the specimen and then the screws holding the
backs of chg grips and anti-buckling guide were torqued tight. The load
was then reieased. Next, operating in the stroke mode and using the ramp "
input a compressive load was applied to failure. The failure load was re-
corded on the X-Y plotter.

For fatigue tests, the specimen was secured in the grips and the back
of the anti-buckling guide was screwed in place (hand tight). Small
pleces of styrofoam were placed between the guide and the grips in order to
damp out any vibration. Operating in the load mode a compressive load was

gradually applied up to 100 1bf (440 N). Then the screws holding the grips

| and guide in place were torqued tight. The load was then increased slowly
until the desired mean load was obtained. In the present test, the mean load
is-1400 1bf (-6.23 kN). A sine wave cycling of the applied load with an
amplitude of 1400 1bf (6.23 kN) was then started. For the first 10 cycles a
frequency of 0.01 Hz was used. During this time the loading was rechecked
with the use of the digital multimeter and oscilloscope to make sure that
the specimen did not go into tension and the load was cycling between O and
-2800 1bf (-12.50 kN). The frequency was then gradually and slowly increased
to 5 Hz. Periodically the loading was checked with the oscilloscope and
screws retorqued as necessary. The specimen was run to failure and fatigue

1life was recorded in cycles by the control panel counter.

12
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IV, Experimental Results

This section presents the static and fatigue test results for the

basic element, the three-in-series specimen, and several other arrangements,

All specimens failed through a drilled hole. For each test, the ultimate

load, or the fatigue life of each specimen 1s given in tabular form. The

sample means and sample standard deviations are also calculated from the

following formulas

- 1 n
4 Sample mean = X = 2 X @)

Sample standard deviation = g = [;—i'- Z -X)] (8)

where n is the total number of specimens tested in each case,

Table I

Static Strength and Fatigue Life of the Basic Element,
Graphite/Epoxy [3_45/02/1 45)

a. Ultimate Static Compression Load, 1bf (kN), (12 specimens)

2950 (13.12) 3600 (16.01) 3900 (17.35) 4350 (19.35)
3100 (13.79) 3630 (16.15) 3900 (17.35) 4600 (20.46)
3250 (14.46) 3770 (16.77) 3940 (17.55) 4650 (20.68)
x = 3800 (16.90)
8 = 550 ( 2.45)

b. Compression Fatigue Life, Cycles, Max.

Compression Load = 74% Basic
Element Mean Static Strength, R = -

» Frequency = 5 Hz (10 specimens)

17230 26230 78750 107880 127540 :
| 20010 49460 83300 112120 128780 j

x = 75130 §
{ s = 44200 :

13 |
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Table Ia presents the static strength measured in 1bf (kN) for the basic
elements. The sample mean and sample standard deviation are 3800 and 550 1bf
(16.90 and 2.45 kN) respectively. Table Ib gives the fatigue life measured
in cycles for the basic elements. The maximum compressive load to which each
element was subjected was 2800 1bf (74X of mean static) while the minimum
load was 0. The mean and standard deviation of the basic element fatigue life

were 75,130 and 44,200 cycles respectively.

Table II

Static Strenmgth and Fatigue Life of the Three-In-Series
Specimen, Graphite/Epoxy [1_55/02/; 45],

a. Ultimate Static Compression Load, 1bf (kN), (10 specimens)

3000 (13.34)T* 3260 (14.50)T 3450 (15.35)B 3660 (16.28)B
3150 (14.01)R 3400 (15.12)B 3600 (16.01)B
3150 (14.01)T 3400 (15.12)M 3600 (16.01)T \

x = 3370 (14.99)
s = 220 ( 1.00)

b. Compression Fatigue Life, Cycles, Max. Compression Load = 74% Basic
Element Mean Static Strength, R = -», Frequency = 5 Hz (9 specimens)

2090 M 15270 B 19990 M 29950 M 47690 B
5040 T 16090 B 24700 B 32740 B
, : x = 21510
8 = 14200

* Failed hole location, T = top, M = middle, B = bottom.

Table Ila shows the static strength measured in 1bf (kN) for the three-in-
series specimens. Also the position of the failure is given. The sample
mean is 3370 1bf (14.99 kN) and the standard deviation is 220 1bf (1.00 kN).
Table IIb presents the fatigue life in cycles and the position of the failed
hole for each of the three-in-series specimens subjected to the same loading
conditions as the basic element fatigue specimens. Here, x = 21,510 cycles,

and 8 = 14,200 cycles.

14
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We see that in the static case the mean strength of three-in-series
specimen is 892 of the basic element mean strength. However, the mean life
of the three-in-series specimen is 29% of the basic element mean life. It
is evident that the in-series configuration greqtly reduces the fatigue life,
but has a much less effect on the static strength.

Some additional tests were performed on specimens with different

geometries than described above. This data is compiled in Appendix C.

sl W e ot
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V. Parameter Estimations

A. Interval Estimation for the Mean

According to the in-series model, the life and strength of the three-
in-series specimen should be lower than those of the basic element. From
the data in the previous section, it can be seen that indeed the sample
mean life and mean strength for the three-in-series are both lower than the
corresponding basic element values. The sample mean values, however, are
random variables, dependent on the sample size, and by themselves have less
statistical significance. In order to establish a confidence level on the
hypothesis that the three-~in-series and basic element specimens were from
two different populations and that the three-in-series case has a lower mean
value, we shall make interval estimations for the means.

We shall assume that the random variable

tn—l = (—x-%)—-@ 9

has the Student-t distribution with n-1 degree of freedom. Strictly speak-
ing, this is true only when the population is normal. For practical pur-

poses, it is a good enough approximation for non-normal distributions, [14].
Based on this assumption, we have estimated the confidence intervals for all

four cases, and listed the results in Table III.

16

——




NADC-78259 60

Table III
Confidence Intervals for Basic and Three-In-Series Specimens

i Fatigue Life

Specimen Confidence Interval % Confidence
for Mean Life, Cycles
Basic [43510, 106750] 95%
3-in-series [10600, 32420] 95%

b. Static Strength

Specimen Confidence Intervals %Z Confidence
for Mean Strength
1bf kN
Basic [3520, 4090] [15.7, 18.2] 90%
[3460, 4150] [15.4, 18.5] 95%
Three-in-series {3240, 3500} [14.4, 15.6] 90%
[3200, 3530] (14.3, 15.7] 95%

As can be seen the 957 confidence intervals of the population mean lives of
the basic element and three-in-series specimen are disjoint, and the former
larger than the latter. This implies that these sample means come from
separate populations and the basic element has longer life. Table III also
lists the 90% and 95% confidence intervals for the basic and three~in-
series mean strengths. Here it is seen that the 95% confidence intervals
overlap whereas the 90% intervals do not. It can be argued, although not
as strongly as in the fatigue case, that the strength results of the basic
and three-in-series elements do indeed come from different populations.
B. Point Estimation, Weibull Distribution

It is well-known ~hat the strength and fatigue life of materials can
be best characterized by the log-normal or the Weibull distributions. In

this study, the two parameter Weibull distribution is used to represent

our results. The cumulative distribution function (CDF) has the form,
17
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F(x) =P(X < x) = 1 - exp[- (%)q] (10)

Having collected sample points x, the parameters can be estimated
in many ways, for instance, method of mown:nts, maximum likelihood, and
regression. In this study the method of linear regression was used to esti-
mate o and B. This technique requires an assignment of numerical values
of Pi (called the rank) for each X, There are many ways of making this
assignment but in this study the median rank method was used. Here the
sample points are ordered from lowest to highest and then Pi is assigned by
the approximate median rank formula

1—003
Pi St 0.0 Lo L e (11)

where n is the total number of data points comprising the sample.
In using linear regression, let us transform Eq. (10), by taking the

logarithm twice, into the form

y' = ax' - a 2n B (12)
where
x' = n x (13)
t PRESSI MR
y 2n 2n [l—P(x < x):] . (14)

At x = Xy the corresponding values of xi and yi can be evaluated from
Eqs. (13) and (14). The quantity yi is associated with the theoretical dis-

tribution (10), evaluated at Xy The corresponding value from the approximate

rank is given by
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The difference y1 - yi, which represents the error, 1is squared, and

summed over i or,

Z vy - yp?
1=1 ‘ (16)

Z (y, - ax! - a 2n B)
1=1 i i

This sum of the square of errors is then minimized, by forming the two
equations 93 Azlaa = 0 and BAZ/BB = 0. Solving these two equations yields

the two unknown parameters as

n 1 n n
121 1717 121 t 121 i
o = (17)
n n 2
Z X, = l’( z xi
i=1 B \i=1 .
n
o) = F Y
P R = T
B = exp[-t— (18)

Table IV gives the values of o and B for the four cases. Values of
the mean y and coefficient of variation are also listed and were obtained

from the formulas

e

r (22)- 12 (=12) "’ <

C.0.v. = (20)

2 (uﬁi)
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Table IV
1
: Estimated Weibull Parameters for
3 Basic Element and Three-In-Series Specimens
a. Fatigue-Life, cycles
Specimen a ] H
cycles cycles C.0.V.
Basic 1.36 87840 80400 74
& Element : i
Three-in-series 1.09 25390 24700 93
. <
; b. Static Strength, 1bf (kN)
] o ) H
: Specimen 1bf (kN) 1bf_(KN) C.0.V.
3 Basic 7.6 4040 3800 15
Element (17.97) (16.90) s
Three-in-series 16.2 3470 3360 06
(15.44) (14.95) 2 >

The Kolmogorov-Smirnov goodness of fit test was used to see how well
the Weibull distributions described the data. In all cases the fitted
distributions were acceptable at a significance level of 5%.

Fig. 4 presents the Weibull CDF for the fatigue life. The solid

curve represents the CDF for the basic element and the dashed curve the three-

in-series. The ten data points for the basic element are plotted as x's )
and the nine data points for the three-in-series are given as open circles.
It can be seen that the scatter for both the basic element and three-in- o
! series specimen is large. The Weibull distributions fit the data points
'

fairly well.

Fig. 5 shows the CDFs and data points for the static strength. Once
F again the solid curve and x's are for the basic element; the dashed curve
and open circles give the three-in-series information. The static strength

is seen to have much less scatter than the fatigue life.
20
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Figure 4 Distribution Curves for Compression Fatigue
Data of Graphite/Epoxy Max. Compressive Load
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o
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4
0.8 - /
3 In-Series Io
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Figure 5 Distribution Curves for Static Compression Strength

Data of Graphite/Epoxy.
B, Basic Element Scale Parameter = 4040 1bf (17.97 kN)
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Looking at the estimated population means we find that the static
strength of the three-in-series specimen is 89% of that of the basic ele-
ment. However, the fatigue life of the three-in-series is only 31% of

the basic element. These percentages are seen to be in general agreement

the sample means.

with those discussed in the previous section that were calculated from
v
{




NADC-78259 60

VI. Analysis and Conclusions

From the theoretical analysis, it can be seen that once the distribu-

tion of the basic element, Eq. (2) is known, the distribution of the in-

series specimen can be calculated from Eq. (3). This is done for bbth the

static strength and the fatigue cases, and the results are presented in

Table V. They are also shown in graphical form in Figs. 6 and 7. The

calculated ones are labeled "predicted”, while the fitted experimental omes
are labeled "experimental.
Table V

Comparison of Measured and Predicted Properties
of Three In-Series Model

a. Fatigue Case (Large scatter, small shape parameter).
Three in series
Basic Element
Predicted Measured
Shape Parameter 1.36 1.36 1.09
Mean Life 80400 35900 24700
cycles
b. Static Case (Small scatter, large shape parameter)
Three in series
Basic Element
Predicted Measured
Shape Parameter 7.6 7.6 16.2
3800 3290 3360
e e (16.90) (14.63) (14.95)
23
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Figure 6 Predicted and Measured Distribution Curves
for Compression Fatigue of Graphite/Epoxy.
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Figure 7 Predicted and Measured Distribution Curves for
Static Compression Strength of Graphite/Epoxy
8, Basic Element Scale Parameter = 4040 1bf (17.97 kN)
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For the life of the three-in-series specimen we see from Fig. 6 that the
shapes of the experimental curve and predicted one are close; however the
predicted mean life is 45% higher than the experimental. One possible
explanation for this is that the stress distribution is non-uniform along
the length of the specimen and the bottom hole is subjected to higher load,
and therefore has shorter life than the other two. This is born out by the
fact that in the three-in-series fatigue case over 50% of the specimens failed
at the bottom hole.

In the case of the static strength the shapes of the experimental and
predicted are different, but the mean strengths agree to within 3%.

Based on the results and analysis presernted in this report the follow-

ing conclusions can be drawn,

A. The statistical scatter of strength and life of a basic element is
one of the main reasons for the decrease in strength and 1ife for larger
structures. In other words, the scale effect in fatigue can be explained by

statistical considerations.

B. In general, a large structure contains many small elements which are
statistically arranged in a combination of in-series and in-parallel modes.
For certain special structures, a simple in-series arrangement can be assumed.
In the present case, the three-holed specimen is truly an in-series model,
and its life and strength calculated from theory are in good agreement with

measured data.

C. The larger the scatter of the strength or life among specimens, or the
smaller the Weibull shape parameter, the larger their decrease for large

structures due to the scale effect. Since in general there is more scatter
in fatigue life than in static strength, the scale effect is more pronounccd

in fatigue. It is also observed that there is more scatter in fatigue life
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for graphite composite materials than for metals. Consequently, fatigue

data obtained from small composite coupons must be used with caution

when applied to larger structures.
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Nomenclature

CDF Abbreviation standing for cumulative distribution function

C.0.V. Coefficient of Variation

f(x) Probability density function

F Force applied to a bundle of fibers

FT Breaking force of a bundle of fibers

F(x) Cumulative distribution function

n Number of fibers or elements (as a subscript - the number of
elements in series; as a super script in parenthesis - the
number of elements or fibers in parallel).
Also total number of data points in a sample.

n' Number of surviving fibers or elements

P(X<x) Cumulative distribution function

Pi Median rank

s Sample standard deviation

X Value of strength or life

X0 Position parameter

x Sample mean

Xp Value of breaking force of a fiber

X Strength or life of a basic element

Xn Strergth or life of an n in-series element

X(n) The failure load of the bundle/n.

a Weibull shape parameter

B Weibull scale parameter

o Population standard deviation

M Population mean
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Appendix A The In-Parallel Model - Bundle Theory
The in-parallel model of scale effect considers a number of basic ele-
ments (fibers) arranged in parallel so that if one or more break, the sur-
vivors will carry a redistributed load. The theory for this model is based
on the bundle theory of Daniels [15]. The model is applicable to both the
. static and fatigue modes of loading. However the existing set of equations
of the bundle theory can be applied only to the static case and is reported
. in this appendix. In order to apply the bundle theory to the fatigue case,

additional development is needed.

The Exact Formula The cumulative distribution function (CDF) of the fiber

F o under a static load is
Fp(x) = P(X < x) (a-1)
where X is the breaking load of the fiber. Grouping n fibers together in
parallel will form a bundle. If this bundle is subjected to a static loading
and if after any fiber failure the survivors share the load evenly then the
distribution of the bundle is

n =
Py = ™ <) = T T (D™ Tatlpcx 1‘;—")] .
X m=1l r - i

P(x< nx)-lrz... P(X < )rul g pesor | (A-2)
—'r1+r2 J £% rylryteeer !

= the failure load of the bundle/n. The ri's are integers

! (n)

where X

greater than or equal to one such that
) r, =n - (A=3)

where 0 < m < n. The inner sum in Eq. (A-2) indicates the sum over all

29
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combinations of T, subject to the condition given in Eq. (A-3).

For two fibers arranged in parallel Eq. (A-1) reduces to

(2)

Px? < x) = 22(x < 20P(X < %) - [P(X < 0]° (A=4)

As the number of elements or fibers increases Daniels' exact formula quickly
becomes unmanageable. We have expanded Eq. (A-2) for ¥alues of n up to

n=7. For tine case of n=7 the expression contains 64 terms. The expanded
formulas and the associated computer program listing are given at the end

of this appendix. However, as the number of elements becomes large,

P(X(n) < x) approaches a normal distribution and its mean can be expressed
in a simple formula. This will be derived below.

The Large Bundle Theory The large bundle theory, which was presented by

Daniels, can be derived by simple considerations. The result is limited,
however, to the mean strength of the bundle. The standard deviation of the
normally distributed strength was given by Daniels after a lengthy statistical
derivation. In the following, we shall derive the mean strength expression
and present Daniels' standard deviation formula without derivation.

Consider a bundle of fibers subjected to a force F. Each fiber will
experience a force x where

F
* (A-5)

and n' is the total number of surviving fibers currently in the bundle.
Let the probability that a single fiber breaks under the force x be
P(X < %),
X
P(X < x) = f f(z)de (A-6)
0

where £(z) is the probability density function.
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The reliability is given by

R(x) = 1 - P(X < x) = rf(c)dc (A-7)

X

The total number of fibers surviving will be n',
n' =n R&x) = nf[l - P(X < x)] (A-8)

where n is the total number of fibers originally in the bundle.
The relationship between the force applied to the bundle, the force
experienced by each surviving fiber, and the number of original fibers is

obtained by substituting Eq. (A-8) into Eq. (A-5) and rearranging, or,
F=nx[1-PXc<x)] (A-9)

The breaking load FT can be obtained by maximizing the force F in

Eq. (A-9); this yields

dF
ax = ©
or :
2 fax(1 - B <]} =0 (a-10)

Performing the differentiation yields the equation

[1-PX <x)] =x f(x) (A-11)
The value of x that solves Eq. (A-11) will be designated as X . The
‘corresponding value of the breaking load is obtained by substituting L
into Eq. (A-9). Thus

FT = n xT[1 - P(X < xT)] : (A-12)

Daniels shows that large bundles have failure strength that are of
(n)

a i atedaid

a normal (or standard) distribution. The mean strength u is then given

by FT/n. and the standard deviation is

31
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() ,f(x < xT)[l - P(X < xT)]'
g - X

= (A-13)
When a Weibull distribution is assumed for the single fiber, the value
of x_ can readily be obtained from Eq. (A-11). The Weibull density and

distribution functions are

ct(x—xo)'m"1 B x—xo.d_
f(x) = ——— exp|- ( g ) (A-14)
8® - -
B X=X, o]
and P(X < x) =1 - exp|- ( 8 ) (A-15)
== -

We will further assume xo = 0.

Substituting the Weibull distribution into Eq. (A-11) and solving

gives X,
B
X ™ ———— (A-16)
T (u)l/a
The breaking force from Eq. (A-12) will therefore be
B8 1
F_=n expé -—) (A-17)
T (a)lla a
Then for large bundles, the mean and standard deviation will be
(n) B ! 1>
u = expi- = (A-18)
(G)l/a \ a

and o} (A-19)

1 1
e V[l -e(- H ew(- D

& al/a n
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The coefficient of variation, C.0.V., is just the ratio of o to u. Therefore

for a large bundle

(n) [1 i exP(‘ l")]_lllz

C.0.V. - 2
_ 1
n exp(- ;)_J

(A-20) ;

As can be seen the mean strength is independent of the number of fibers

(n) (n)

(or elements) arranged in parallel whereas o and C.0.V. are inversely

proportional to the square root of n.

Figures A-1-3 show the CDF of the bundle where the basic elements are
Weibull with indicated shape parameter. The distributions for n = 2,3,4,
5,6,7,50,100, and 1000 elements in parallel plus the basic element are
shown. Values of shape parameter of the basic element used are 2,14, and
24, The plots have been nondimensionalized by the scale parameter of the
basic element. Also taﬁulated on these figures are the values of u/B, o/B,
and C.0.V. for each arrangement.

Interpolation for n=7 to 50 For small values of n, up to n=7, we have

expanded and calculated the exact bundle formula. For large values of n,
the large bundle equations are applicable. There is a need to have formulas
for the intermediate range of n, say, between n=7 and 50. We shall attempt
to do this by interpolation. Figure A-4 is a plot of the mean strength for
both large bundles and small bundles. The values for n=7 to 50 can be
interpolated as shown. Similarly, Fig. A-5 shows the corresponding plots
for the coefficient of variation. : ;?

Planned Experimental Work In our experimental program, we intend to test

Daniels' formula for three elements in parallel subjected to a static load.

33




s - 4 ,

I2ITe3ded U} S3juswald OFSeg U JO SaAIN) UOTINQTIISTQ -V 21n8T4

0°¢ ST 0°¢C
— 1 L q
9/X
I93smelIRg O9[BOS IUSWATY OFSey =9

193oueaeg odeyg juswaTy OFsSeyg ‘7 =©

& §20°0 | TTO0°0 |62%°0 |00OT

w 180°0 | S€0°0 |62%°0 |oOT

X %T1°0 | 6%0°0 [62%°0 {0S

w 9%Z°0 | 9€T°0 |¥SS°0 |L 3

=< 29270 | 6%1°0 |£95°0 |9

- 282°0 | %#9T1°0 |S8S°0 |S
tog*o | sstro {r19'0 ¥
Zveo | zzzeo |0s9to |e
S6€°0 | v82°0 l0zL°0 |2
$25°0 | ¥9%°0 1988°0 |1
*A*0°D .u.. M u

0 n

UOTINQFIAISTQ
2ATIETNUNY

it & —— -




o

TeTI®ied UF SIUSWATF OFSeg U JO S3AIN) UOTINQFIISTd -V 2Indfz

1°1 0°T 6°0 8°0 L0 9°0 S0 %°0 p
. 1 L L 4 : —~L d \\Il
9/x (—FZ
\
J93j9WBIBg 9TEOS JUSWATY OFseg =g rN.o
1939weaeg adeys jJuswey OFseg ‘4T = ©
o
@ - oe0
%
3
(&
nAu - 9°0
= . : 600°0 | £00°0 | tZL*0 | ooot
L£20°0 | TTO°0 | TLL°0 | QOT
8€0°0 | 0€0°0 | TLL°0 | OS
€L0°0 | T90°0 | S¥8°0 | ¢
LL0°0 | S90°0 | €58°0 | 9
080°0 | 690°0 | 198°0 | S #w.c
%80°0 | €L0°0 | %#48°0 | ¥
980°0 | LL0°0 | T68°0 | €
L80°0 | 080°0 | LT16°0 | Z
000T = U £80°0 | %80°0 | %96°0 | T
*A*0°D g g u
5 T Lot
UOTINGNIISTQ
a>ﬁuna=abo<
A




- — — ———— A
— ———— - s e g

- - a

1°1 L°0 9°0 S0 ¥°0
—~—— L ah L L j A
/X //
|
1939WeIBg 9[BOS JUSWRTH OFSeq = g !
1933weaeqg adeyg JUAWITY OTSBY ‘47 = © ik
Al

3
mm
o)
L 900°0| <so00°0| ovs8*0 | ooot 3
O 120°0| £10°0| 0%8°0 | 0OT -9°0
mm 620°0| $z0°0| 0%8°0 | 0S
2 6%0°0{ wv0*0| Z06°0 | ¢

0s0°0{ 9%0°0| 806°0 |9

150°0| (%0°0] %160 |¢

TS0°0 | 8%0°0| €26°0 | v

zs0*0 | 8vo'0o| ve6'0 |¢ -8°0 \

zs0°0 | 6%0°0| 0s6'0 |z

7s0°0 | 150°0 | 860 |T

'>.°'u m u =

) b
-0°T
uoTINGTIISTQ
9AT3EBTNUNY

'




T T e e

T°TTBiIed UT SjusweTg U 103 yiBueials uesy 4-y 2an3TJg

00T 0T T
u - L L
&
elnuiogj °Tpung 0wquuw
Q Voo
o ®
2 5 0 -
w0 eyNmIog 30BXy—0
" oy
(] I e,//
(a]
< /// 5
= N
P
1939ueIeg adeyg JuswRTy OFseqd ‘7 = ®
—
yisuaxag
nﬂi#

‘
“ = e A R o




RRESCIY- T

v i Ca dh e gad e o

- - L -
IeTT®I8d UT SJUAWATY U I0J UOFIBFIBA JO JUSTOTIL0) G-V 2an8yy

Q0T 0ot
=P

NADC-78259 60

1939we1eqd 9deyg JuswATg OFseq ‘7 = ©

*a*0° 9




;_—'"—m/__—-' |

NADC-78259 60

o

The in-parallel model subjected to a fatigue loading is considerably
more involved than the static case. This is primarily due to the fact
that after some fiber failures, the loading in the remaining fibers in-
creases, and the corresponding life distribution also changes. Further
analytical work must be done before an expression to predict fatigue life
. can be presented. The experimental portion of this phase presents some
special problems. One problem is the transient loading following a fiber
failure may cause additional failures. Another problem is that the load
in the surviving fibers, for n=3 or 4, may exceed the static strength. One
testing procedure which may prove succesaful is to operate in the constant
; 3~ stroke mode, The minimum applied load will be 10% of the maximum. The three
elements will be placed side by side in the gripping anti-buckling apparatus.
When one specimen'fails the test will be stopped and the remaining specimens

rearranged so as to insure uniform loading. The test will then be restarted

and run until the next specimen fails. After positioning the last element
the test will proceed to total failure. The total life of the three-in-parallel
arrangement will be recorded.

Expanded Formulas for Small Values of n

Eq. (A-2) has been expanded for values of n up to 7. On the following

pages these expansions are given. Following thesé is the computer program

listing used to evaluate P(X(n) (n) (n).

%), u and ©
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Equms'ion 0; E% (A '2>

for n=3

P2 5 = CrS+ PP —3¢rNeraY — ZCPNYPD
PI=P(X £x) =) - ex,o["f’zef‘] .
P2=p(X<¥) =/ - ap[‘(%ﬁ’y}

P2z PCX<€ 3x)= / -&f[‘(&/ﬁy? i
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T T ——

Expansion QF Eg. (A-2)

for n= #

AX®L Xy = =P + 4(piXENP + 4P (P
+ LU PIUPNE— 12 (RILPE PN — 12 PR CPT)
> — 12(PDUPIXP) + 24 (PALPIMPD(PT)
PIz AXXZxY>= ) —epl =04 ]
\ P2=pCX LS 5= 1 - e I-C%e ")
P2= /—*«C,X.‘.‘:’jibﬂ = e/~ Y]

| P4 = PCREUX) =1 = enp [-CHR) ]
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Expamsi‘ov\ of E?. (A-2)
for n=g

PUX P2 XY= CPF — &pe)CPN ~ Seodyitri — 10Craem iR
— 10(P PN + 20CRSXPACPY} + 20 rEP2YCR)) :
+ 20 PUPIXEPN » BO CPUF(CPAFCP)) +3 OLP4Y LPIYPIY
* B30 CREY P (PN —@o LPEYP4NCPI) (PIN?
GO LPEXPUPRY (P)) —G 0 CPEY PN (P2YCAN

TGO CPAPLPIYCPDLP D + 120 CREXCPAIPIP NP )

Pl=PCX £ xy =) < Oyo[“c%)“] i
PZ=PCXE 34) = | - e/ ~C2)" ]
Pa= PUX £ E) =) oo/ ~Chp)" ]

P4=P(XE 3=, - exod (%55 )

PE=PREE)Y =) — o/ ~C2) ]
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Ex Pomsion of E$ (A-2)

for n= 6

PUXOL XY = s clPeIPS + 6CPD P + 16CPESEN®
+F15CPDUPNY + 2oPC 5133
— 3 (POY PEXPIYY — 3o¢ PeY PSP —30¢PR PO P
— GO PSPPI —Co@APUS GBS ~ 6o lreY(PCPD
— 6O POYPIVEPIN - 6 o (RIS(PIPN: — GOLPUT(PET (P
=+ 12 PeXPEYPYYCP i$ +1200P6XPEXP PN + 120PEX(PISCPEXCPT)
F 120D PXPHP) + 180l PEXLP4YPILPIF + 18RS RYPESCP))
+)80(PEYUPAYUPLPD + 180LPEXPEXPIFCPI*
+180LPEXPUYCPEN (P + 180 LPGYCPH* PPN’
~ 260 (PEY PEYCPNPIPN — BGOLPEXPEI Ry XPZYCP)
— 36 O(PPINPIFPILP —360LPE) PWEPHDEPZICRD
= BGOLPE) L PHPINCPYLP)

* D20 (PPEYCPHYPID P DR

— QO CPL CPBRYLPA i

B S —




_‘Wsuw-».-...’,‘..w v Nkt L.‘v. v
4 e it A BRI b 4 §5° e SoiSuLT A hic
d B S,

NADC-78259 £0

Pl =px £x)=, - ca;a['(",@)"]

,;O—(i;_
$)= 1 —eo~Cg)™ )

P3-—P<X‘ >-—/ -a'ﬁ[‘(‘qp)“y
P‘/:F(X( )_/‘8)79[_( j
= &

PG= PCX< 6y =/ — s L~ z5%)

THIS PAGE IS BEST QUALITY PRACTICABLE
FROM OOFY FURMKISHED TO DDC s
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THIS PAGE IS BEST QUALITY PRACTICABLR
FROM COPY FURKISHED TODDC

Expansion of Ec6 (/’”7-3

?or Nn="17

PLXPLXY = (PN = 7 P7YR —r (P2YCPD 21 CPaYCPIT
— 2UCPRYPIN —3SCPECANY —35 crdicr)?
+4 Z(P'/}CP@)(P)):-/- L2 lPNCPRCPD + 42 PR PR

FIOSLRENCPENPN? +105(PIX PEYHP 1Y + 105 (PEYC P2YTC L))

P 26& LPINCPINUPNE + /08 CRDY P 2Y CPIY +165¢PAY (PINCR)Y
+ 20 6PN PN + 21 OCPEY CPI LriY + 210 PEYEPDCPIN?

14 LPEPPEIP + J4OPESCPNCPIYE + 140 PR P> ;

~216 PEPEYCPEI P! — 200 (PNYCPG (P27 (Pr)
—20 (PP PP — 216 CPNUPBYCP2N Cr1)
— 4 26 (PYCPC) PPN — 420 LPXPEI P3S CPIE

—U2.6 (PDPOUPUPNE =420 LPCY(PEYCPENCPN?

—4 2O (PSP PNPD P =420l P9 (P4 (PR (P1)

—220(P (PEY(P2Y’ (Plt.)s — 426 (PP (P
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THIS PAQE IS BEST QUALI

>
) LUO s

FROR 0QBX FURsLomss -V

—420(PEY P (PIXPI) —2y7 0P (P3P TP N?
—H2OLRPEPY) PR PP — 420 (PO, LPDECAD
—630 O’ IHPENECPE RN — 620 ¢ e PE) P 3R PR
— G20 PR (PN PENPY? — B0 CReNEPYe pYY)
= €40 (PD(PEYPENA) PR + 8410 LRI PENCPEILPZY3E A
* 840 CPIXPEX 7 DIPACRIY 7940l PINP4 P3Y (PN PN
840 PEYC PYYEPDCPC P
11260 PDLRPCIPEY (P CPOR + 1260 (PONPEX PUYICP DE AR
H1260 (PHIXPENLPYNPIEPNE + ) 260 CRENE (RSN 1Y) PIYP?
+1260 LPECPENPYICRPYECR)) + 1260 PP PGNP ¢ P
+1260 LPDPEUPNPCPD + 1260 CPEIPV P AT
#1260 (PACPSYCPRPERN +)260 (P PEXP D2
—2520 PONPERCRINPS (PP ~ 2520PNPE YREXRNPZY R
— 2820 (P PEYCP SYPR P LPIY 252 5 Y P6 ) PN PEY PR

=257 0CPNPEVUP4YPIX P2 PI —252¢ CPGYCPEI PGNP DAL P

13040 (POXPELPEIPHPIDRPH ()
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THIS PAGE IS BEST QUALITY PRACTICABLE
FROM OOPY FUKAISHED TO DDC

Pl= PCX L3 =) ~ w;o[-(’%’}“]
= PCXEEY 2 ) = o L -(ZT ]
= PCXE ?—;—() = 7 /-:w/a[-( f/c/ _7
py—= PCX <L 'B’ ~—/-6;¢>(-*-( e.)“‘:]
ps-hPex 2 )=/~ apl - )"
Bhs PeX 2 ) - C’x,o[‘("}é'ﬁ\)‘j

Py= PCX < Hxd =) — e/ ~C 1" ]
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o QUALITY PRACTICABLE

THIS PAGE IS B ODDC e
FROM 0OFX FURALS

Computer Listing for P(x(n) < x), u(n) and o(n)

OPKNPA /MF2336

TETE AN TET TR

STAPT OF SEGMENT
T T DIMEKSTAN DC300Y .rrzou'd»uraonr';vclno YsUULI0C0 Y300 DY) T
1VANCR00

OO0 A8 NSTIINF e -

Fortran for e%pansion of Eq. (A-2) for n = 2, 3, 4,

5, 6, 7 is given on the following pages and is to be
inserted in this location of program.

88 CONTINUE S
50 1=1
TSt CONYINUF o = e S P e T
IFCraLT.3)GN TO 1000
TFY G NPIGO TO 2000 s
IFCreGT.NP=5)GN TO 1500
-—————.——wm-x’..o( I.’ ,.__.._..-_...__,-_.____A S it sy e s i G
L X2=0(1=1)
. e U
Xa=Qcl+1)
X5%atie?d
X6%0(1+3)
”-~~—~Y‘.vrr.m — P——— = — v
Y23y(1=1)
— iy e VP LY e e -
Ya=YrI+1)
YSEYC(I¥2 )
Y6=v(1+13)
=69~ Xuky— e e e e S S =
YA=Y3 -
=7 IF T Ea¢NF o1 GOTN 20000 -~ AR ——— e
100 TFRMI'((X'X?)t(X'XQ)'(X'XB)'(X Xﬁ)'Y!)/((Yl'X?)'(Vl-X!)O(Xl'XI)t(
XY e K Y (X I=XEYY
110 TlP"?ﬁ((X'll)'(X'X“)'(X'XS)'(X-vh)'Y?)/((X?-X,)'(X"!J)'(X? Xq)e(X
T 12myD e (X2eXEY) T T T o S et e
120 DENAas(x3=X) ) (X3=X2)#(X3=X4)a(XxA=XS)In(X3I"YG)
Emal TFRM3AZ(Y=XD)e(Xoxg)e({XoXS )0 (XaXA)RYI/PFN Y~ - — e e e
; 122 TERMIB=CX=Y 1 )o(X=X4) 2 (X2X5)a(XaXA)eYI/DENT '
T2 T T ETNAC R (XTI IMI R S X 2) e XTSI (XWX LI Y F/DFNY DS S
124 TERM3D=(X X1 )2 (X=x2)*(X=Xa)*(XaYA)*YI/DFN2
2y TENUIER(E XYL e CRm X2 I NCRERR IV KNS O Y N IO N e e st e—
127 TfKMJ‘TFR4JI’Y5R“45¢fERNthYERdiﬂ’TFRVSF
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THISPAGEISBESTQMALITYP?ACIICABLI

FROM OOPY FURBISHED TO LDC

P

130 TERMas((X=X1)#(X=X2)#(X=XS5)e(X=¥a)*Y4)/((Xa=X1)a(Xa=X2) (XA=X3)*(X

T T 14=X5) 4 (XA=X6)) s

140 r:nnq-(tx-xx)o(x-x?)-(x-Xn)n(x-xA)-VS)/((xs-x1)-(xs-xz)-(x54x3>-¢x

T ISEXA YR [XB5EXEYTY

150 TERMR=((X=X1)e(X=X2)w(X"Xa)a(X=X5)*#Y6)/((XA=XI)n(Xa=X2)0(X6=X3)*(X

T6=X&V# (XA=X5YT
155 CONTINUF

T 160 DERTETFRMISTERM2¥TERMIF*TERMAFTFRUS*TERNS
XDERT=X«DERT

T 170  PRINT 1R0sX,YA,DERTFXDERT

180 FORMATCIH »"X=",E15.8510Xs"Y=",F15.8,10X,"NY/DXS"sF15.8,10X»"XDERT

1=2"5E(5.8)
Utiysx

TTOVANITYEDERT
V(Iy=XDERT ;

185  FORMATIFIS.RIETS8)
190 1=l

200 G tU 57
1000 CONTINUF

TTTXIER(IY
X2=0(1+1)

RN LT D)
X4=a(143)

XS5=6 0T+ 0 Y
X6=0(1+45)

Yi=v(I)
Y23¢y(141)

T Y3IEY(TI?)
Ya=y(143)

YSEY(T#7)
Y6=v(145)

X=Xy : Easn
YAa=y]l

T DN E X T = X2 ) R OX 1= X3 ) A (X1 eX4)# (X1 2XS)IA(XT=XE)
DENo=(X2=X1)#(X2=X3)#(X2=Xa)*(x2=X5)#(X2"X6)

DENTETXI=* XTI FCXI®X2I* (X I=XGI*# XIS IR (XI"XE)
DENg=(Xa=X1)w(Xa=X2)#(X4=X3)w(xl"X5)x(X3"XE)

T T T DENR (XS X1 ) A (XS=X2)#(X52X3 )2 (XS=X8)#(X5=X6)
DENAE(X6=X]1)#(X6=X2)#(X6=X3)*(XH=XA)*(XE~XS)

T T TFRMIAS XX IR (X =XG) (X=X (XaXh) Y /OENTL —
TERMIB=(X=X2)#(X=X4)#(X=X5)a(XaXh)*Y1/DENT

T T T ERMITE XXV IR (X=X I A {X XS )W (XWX S YT/ OFNT
TEFRMID=(Y=X2)#(X=X3)#(X=X4)*(XaX6)*Y]1/DENY

T T U TERMIEES (X TX2) & (X=X3)*(X=X8)*(X=XS)*YI/DENT
TERMISTFRMIA+TERMIB4TERMICTERMIO+TFRMIF

T U TERM2=(X=X3 R (X =XA)#(XeX5I*(X=XRI* Y2 /DEN2
TERMaz(x=X2)#(X=X4)*(£=XS5)a(X=XA)*Y3I/NEN3

TERMAZ(X=X72)I* X *X3J#(XeXS)*¥(XeYRINYL/DENT
TERUS=(X=X2) 2 (X=X3)a(X=Xa)#(X=XEI*YS/NENS

T T T TERMAE TN X2 ) (X=X 3R (X=XAIw(X>YS)IYE/DENS
G0 TO 155

B b b s bt
1510 CONTINUF

TXTEQ (TS
X?2=a(1=8)

———— X32g(1=3)
X4=0(1=9)

ST AR TRy e s
X6=0(1)

YI=YTIs57
Y?2=y(I=a)

T Y3Ry(1e3) o
Ya=y(I=2)
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FROM OOFX FURKRLSHED TU DDC
Y55y (I=1)
ST YeEy(I) ’ e e T s W L g 0 0l L R o Y oA R R
X=XA
s - "“'Aiyb“*“"‘““"' e § ey
DENgs(X1=X2)aCXI=¥3)a(X1oX4)n(x1=XS5)e(X1=¥6)
TOENs TR 2= X)) 2 (X2 X3 ) (X Z=NL )« (X 2=XSTe (XT=YE)
. DENAs(X3=X1)n(X3eX2)a(X3eX5)n(¥r3=X5)w(X3"X6)
T T DENGE(Xa= K1) e (XA=X2) 4 (XBeX3 )4 (XL 2X5)x (XAAXBY Srioe
DENES(XS=X])a(X5=X2)#(XS5=X3)e(xRaX4)a(X5=X6)
S R DFNAS(RA=X1)e(¥o=X2)n({XbeXI)n{y&=X4)n(XE=XS) ~ o
3 TRmI=(x=X2)n( X=X3)#(XoXb4)a(X=xS)eY)/DENE .
TTERMZEIX=XTY 2T YY) E(X=XLI 4 IN=YSYI*YITINEN2 »
- o TERM3=(X=X1)*(¥=X2)*(X=X4)#(X~x5)*YI/DENI >
T T T TR RNR (X R YR X =X2) (X=X (X "x5)«Y4/DENS = ~
TERMS=(YoX1)e(X=X2)4(X=X3)n(X=x2)eYS/DENS
v T UTERMEAS(YRY D) (X =XI) 4 (X XA #(X=XS)RYK/DFNA i
TERMOB=(X=X1)#(X=X3)s(X=X4)e(¥XaXS)2YA/UFNA 1
T T TR RMECE (X X1 I F UK A X2 ) A TX=XB Y (X = XS IR YE/VUFNE
-~ TERMED=(X=X1)#(X=2X2)#(X=X3)e(XaXS)eYR/VENS | j
T T T T TERMEE =X YT I x(X=X3)a(X=X2)* (Y =XB)*YK/DFNE
TERME=TFRN6A*TERMAB+TERMAC+TERVAQ+TERMGE ‘
3 T T U DEMYETFRMI4TERM2+TERMI+TERM4A4TFRMSHTFRNG . ' :
XDLRT=x#DERT
T PRINTYROPX, YASDERTZXUERT
> ucly=x : i
- VAN 1 )=OERT— 5 e
VCLly=xDFRT c
- SR 1 75 S ; SESE -
IFCy.GT.HP) GD TD 2000 . 2
QI TU TIHTV
- 2000 CNANTINUE i
et DN R i R i L =3
7009 CONTINUF
& TOTTTTTTTUAREERGG T P == =th SRR
NPMy=NPe=]
DO—I0T=17NPHYL
5 UulT)=ucI+1)
e VV( f):V([O] S R e e e S e e A e e e e e e e
XTte=UuuCI)=ydry
¥ T MbnE(— VEIDEWCIY e = e
ADUFND=XINC#YMID
“ARERA=AONEND $ ARER -
3 PRINT25,UCI)sV(I)rADDENDSAREA
T8 7T O FORMATCLH anXEN,E15,8,.10X,M YR, P 15,85 10X "ADOFND="F15.8,10X, e
1YAREA=",F15,8) y
e ey R~ | e e e T e e e e e e s i
PRINT 4nsARFA
=R A ORMATIZ 72/ 5t S THE  TOTAL AREA =" E1S78) Ee———
3 IFCIDENTC6TL0) GO TO 7024
e T (T e e e e e e e e e -
DL 7001 I=1,NP .
P TTE VO yRCUCT Yo XMU O e DR AN G ) e e i e
7001 CONTINUF
T CTIDLNTETTC o
Gn r0 7009
e B 0L SFOMARSORTENRFR Y e sinemenrtnsnsneaemas — s
CVSSIGMa AN
g - = PRINT 7062,7MUsSIGMALCY S T
= ! 7042 FORMAT(IH ,"XMUZ"»E15.8s" sxcunn".sls.a." Cva",E15.4)
i G RETTEXTY e o
v ENU

o .l R A s e i b o i A o e e o i « s N S A E
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THISPAGEISBESTQUALITYP%ACTICABL‘
FROM COPY FURBISHED T0 DDC o

Fortran for In-Parallel Model, n = 2

RE1=+01%Nn 1)

“"“’_““"%122E1I73%31

P131.°EXPE-ARG)1*B)
- P2=).~EXPL-ARG2""B)
- PTW:z2.¢P1*P2"P*+2
Avd=AR6 )
YON) PTR
< PRANT Q’:Ag‘o;pl;pvw

" £ s I ) -l =", .:'.’u E =%, E'!'" !:n'i s !!

¢

e ]

Fortran for In-Parallel Model, n = 3

3 8 ARG1=e01#(N =1)
- ARG2=1.5+AKG1
AR3323,0#ARG1

PLz] "LXP(=AKul*ed)
__P23]."LXP(=ARud®ny)
Pizle"bXP(*ArGInay)
PIHSPlwe34p,%F] 'gz.gl.j"tL'Ez'u'-!-'Plﬁathl
< Q) =ARGY
* Y(w)=PIlH
PRINT 99,ARGL,PL,PTH

89 ___ FORMATCLY »"ARula",F15,de™ P18",F15,6," PTHE",E1500)

Rk

3

€4

Fortran for In-Parallel Model, n = 4

ARGIz.01%{N “1)
“ARA3I=Z2.*ARG]
4 ARG2=4.+ARG1/3.
ARGA=X .= ARQ]T
P1=).=gxPl=AR6é|»+B)
.. - - b}
P3z1 ,=EXP(=ARGI*+B)
. o PA=T1 . “EXPL-AREA++BY
PFR224. tPA*PI«PR+P) =2, +P3#224PsP=)3 , #PA+PR+ =2 %Py =
"1 T2, aPAPInPT s a2t4 «PLraTaP LB, sPI442+P 114244, PA+PI v Plesd

(3

. z Q(N)=ARG]
? | TYOS=PFR
PRINY 39,AR6),P\,pFR
e TH s"AREI=".F18.8, TS E18.8," PFRE"IE15.8)
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FROM 00PY FURKISHED 10 DLC

Fortran for In-Parallel Model, n = 5

ARLIz«01 2y *1)
ERG?2=S,2ANGI1 70,
ANLIZS e ANGY /Y,
ARCL=S . «ANG17D,
- ARLS=2S .« ARG
E PiS1.~FXPl=ARG1##R)
P221 ,=FxP(=ARA2#2R)
PIz1.=FxP(=2RG1enR)
Pazy,=r(Pledningear)
PSS 2t xPleaA™GSeaeR)
PEVar 1425 5:e2PRaP14a8"5.eP22¢284P1"10.0P8sa24P 1023
T *10.,0Pee3ePTen?
2 *720.,2P54PGaP 1223420, *PSP2a w3 4P #20, 2P A0 INPORPY
J430catUua? 2Pl 2 s 0aP 14 ViatPlra 2 aP 0P les2430¢eP5aPIea2ePlen?
4 =6U.aP5aPLaF3aPleead=60saP4P4#FIee2eP 1260, #P50P3202eP2eP}
S *hU.2Pun* aPIer22P | +120etP | *P2aF3¢P4#P5
G(lk)=ARG]
YIN)Y=PFV
PRINT HQ,~RG1,P1,PFV
89 FORMET(IH s ARGLIZ",FIScBs" PLE",F15.81" PFVYE“sE154R)

)

£

& ]

~

£

~

Fortran for In-Parallel Model, n = 6

13.0164N =1)

— ARG
- AR62:6, "“'l’c
2636, +

ARG4=6 ., -ouusz
- —_—  AR6E:6.ARg1 /2.

. ARGL=6.+ARE
- I!=l.-?x'(~g&g|'-l)

4 P2=1.~ExPC-ARG2++B)
P3=).~EXPL-ARG3++8)

P4=).~eAP(~BR64**B)
b T PS=1.~FXP(~ARGS++0)

":] .-m( "AM"B)
P§g=-m "‘f‘.oft-P)'o.“'tl .Pz..i"l0|i,-m-nzgpln'g

P15, ¥P3neq*P1 < 2+20,-Pys s3PLles 3
- vPEPE*P) 24~ « *Po > X7 14 - .t”at&o@l.?‘

L

3-“.-Pg--z-?q-pl-*3-“.-“-M--zor|--3-“.-?;--:-P¢--3~Pl
- - * “age Ly X -&..aabl-_ 129260, +P4«+3+Ppae2+P)

£

sblu. nP‘-":Pq-P[O n”l“,."t”.'&- “JePpy
"lz’. uch.n.-;;?z-ﬂ

]

§ & “lu-*"""P;'PZ"‘*"°. RS '2-’0"30’ltl!ol“.t"’aa!nﬂ.'zttg"‘
OS2 PR D - - PEePIes2+PIra

+
80180.+Pe+P4++2.p2++2 P
3 rPE P2 P PL D

&3

b | *=368 . *P6 PF+P4-P3 Pl +2-36a. b PEPYsPE++3 P}

- v o™ ” - -«2-C¢ - -m. "!-’i"l"! re-P)
= =365 PEY2+PlyPZ l'g{_ g

9720, n" *PSP4>P2P2PL

1 i *=90 . *PS+ +27P3«a2+Pln=2
; O(Nd=ARE1

) Yd=Psx

“ PRANK lﬂ'&!‘lﬁ’lr”'
FORMAT LN s "AREL=",EIS 8, P10 ,EIS. .8, ="»!le)
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FROM COPY FURKISHED TO DG

Fortran for In-Parallel Model, n = 7

ARL1=s,01e(N <))
ARu237.eanul/0,
ARGIST o *Aikul /e
ARu4s? otarulsée
ARuSa7,*AKLL/3.

ARGOE( s tharul/ s
ARG7S7 s *hnrG]

Pls]l,"EXP(=AtulasB)
P2E] s SLXP(=Ahuyctry)
P3s]l"tXP(=ArgInel)
Paz]"EXP(=ARud*el)
PSSl e "LXP(~ANuD*ey)
Poal ~ExP(=ARub**l)
P7El"tXP(=anu/ **p)
PSysPles7a7 aprleplaev=l *rleep*P]

so2] oFovalarlead=g] el 30a50r 00l o35, er5anierleny

el 3 X Rl e Rl Rl B )

B4 wPTePo P n oDy 4T HPLraser | eq viJengepRer)
*4103¢2P0ralaFOsrlesaeilUD ol Tardaeer]loesde])S5.ePonaer2e0liagf]
2100t P 7aPsangarlenselUd *Pybrn er2ea2ap]

24105, *Pyenyeryerleny

#0210 enlPonalolPunnleol landt2lUinronslerieajePlen?
*421042PSrwgaP3anlaPlany

PRLUYe PO RN SRR IRp | SlUY PO RN JOPYaP  we]
2elauerP(ePuenjerieel

o210t 7ePorPO Rl lanyollU *FP7aPpeP2onyel)
P2 Ut H TP S r My 2Rr 1 2LLlU, *Puseu®P iabPDeD]

92420 0PlorPuaPldenldaP | an3=loU,eP/2Pbelr Ine joPloel
e 7 X PR L ol el oo Rl ol Bt ek VAT PR P R L LT RS O R |

U200 MR NPURFLOROP LUy e/ *PUC I epRe2eP]
#2420 0P lerrsalerlev Jerl=ddy,eroaeser 30a24P2P1

Te420 0PN IR eP el L SUly s P72 U e P JeP w2
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Appendix B Detail Drawings for Gripping

Anti-&xckling Guide Device
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Material: Aluminum

Figure B-3 Front Anti-Buckling Guide
(A1l Dimensions in Inch,1 in = 25.4 mm)
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Appendix C. Additional Data
Some additional fatigue tests were performed with elements having
different geometries. All tests were performed with the same loading con-
ditions as described in the main body of this report. The first set of tests
was performed with elements containing four 1/4 inch (6.4 mm) holes as shown
in Fig. C-1. Table C-I gives the life and the failure location of these
elements. The mean life is 5430 cycles. This is much less than the in-
series model prediction life. Due to the fact that all elements failed
through the bottom hole it was concluded that its location was too near to
the end tab and thus experienced a greater load than the other three.
Several months later a series of fatigue tests were performed on ele-
ments containing two 1/4 inch (6.4 mm) holes as shown in Fig. C-2. The &
initial tests in this series were performed with configuration 1 type
elements. These all broke through the bottom hole; The geometry was
altered by moving the two holes further apart as shown as configuration 2.
These also all broke through the bottom hole and had shorter life than
configuration 1 elements. The lives for these two configurations are shown
in Table C-II.
In order to see if the position of the hole in an element affected the
life, a series of three tests were performed with an element with a 1/4
inch (6.4 nm) hole located near the bottom end tab as seen in Fig. C-3.

Table C~III records the life for these tests. As can be seen the lives are

much shorter than the lives recorded for the basic element (Table Ia).
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This tends to indicate that the closer the hole to the bottom end tab, the
greater will be the force seen by the hole and hence the shorter the
life.

The results obtained in Tables C-I-III tend to indicate that the
stress distribution is not uniform throughout the total length of the
specimen. Since the dynamic loading is applied by the accuator to the
bottom of the specimen, the stress concentration at the bottom hole is
greater than at the other holes.

This evidence is of course not conclusive. Other plausible explana-
tions can be forwarded. First the original basic and three-in-series
elements were taken from one end of the plate whereas the elements discussed
in this paragraph were obtained from the other end of the plate. It is 2~
conceivable that the two ends of the plate had different properties and
thus the elements taken from each constituted distinct populations. A
randomized scheme of picking test elements of course would have eliminated
this possibility. Another explanation was that the tests listed in
Tables I, II and Tables C-I-III were performed before and after respectively
a major breakdown and repair of the Instron testing machine. Also, the
gripping anti-buckling guide may have been inserted in the Instron improperly.
In short, due to the uncertainties associated with Tables C-I-III no further

analysis was attempted on this data.
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